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An identification procedure to determine the crack characteristics (location and size of 
the crack) from dynamic measurements is developed and tested. This procedure is based 
on minimization of either the “mean-square” or the “max” measure of difference between 
measurement data (natural frequencies and mode shapes) and the corresponding pre- 
dictions obtained from the computational model. Necessary conditions are obtained for 
both formulations. The method is tested for simulated damage in the form of one-side or 
symmetric cracks in a simply supported Bernoulli-Euler beam. The sensitivity of the solu- 
tion of damage identification to the values of parameters that characterize damage is 
discussed. 
1. INTRODUCTION 
In order to treat the crack identification problem effectively, one should consider the 
question of what sort of operating data information might be most useful for this purpose. 
The stress state oti near a crack tip has the well-known formulation (Irwin [ 11, and Paris 
and Sih [2]), crU= (K/4&( 0). Here K is the stress intensity factor, r is the distance from 
the crack tip, and&(@ is a set of functions of the orientation angle. It follows from the 
above equation that near a crack tip stresses are concentrated and thus local deformations 
occur, resulting in a reduction of the bending stiffness locally. In turn, this additional 
flexibility alters the global dynamics of the structure. In a number of studies (Mayes 
and Davies [ 31, Henry and Okah-Avae [4], Cawley and Adams [ 51, Dimarogonas and 
Papadopoulos [6], Gudmundson [7], Papadopoulos and Dimarogonas [8], Christides and 
Barr [9], Shen and Pierre [lo, 111, etc.) global dynamical properties of the structure are 
used as the basis for its crack detection. 
The concepts presented in studies mentioned above are concerned mostly with the 
analysis and determination of the behavior of cracked beams (e.g., natural frequencies, 
mode shapes, strain energy, etc.) given properties such as crack lengths or crack ratios, 
crack positions, etc. The question of the estimation or determination of such properties in 
the case where the behavior of the system is known, i.e., the inverse problem, is discussed 
in this paper. 
In the past several years a number of techniques for physical system property ident- 
ification have been developed (Borg [ 121, Gel’fand and Levitan [ 13, 141, Backus and 
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Gilbert [ 151, Newton [ 161, Barcilon [ 177201, McLaughlin [21-231). Some of these tech- 
niques have been applied to structural problems by Barcilon [20,24], McLaughlin [22,23], 
Gladwell [25527] and Gladwell et al. [28]. Most of these treatments involve the determina- 
tion of material properties from natural frequencies, and they emphasize the existence, 
uniqueness and methods for determination of properties (termed “reconstruction”). 
Inverse problems in one-dimensional vibrating continuous structures can be separated 
into two categories: the longitudinal or simple torsional vibrations which are governed by 
a second order differential equation, and the bending vibration governed by a fourth order 
system. In the former, the goal is to recover the coefficients from information about the 
solutions of a second order equation or the solution of a Sturm-Liouville equation. 
The inverse problem for the free flexural vibration of a Bernoulli&Euler beam began 
with the work of Barcilon [ 18, 191 and later was improved by McLaughlin [21,22,29, 301, 
and analyzed by Gladwell [27] and Gladwell et al. [28]. Three basic questions were fully 
discussed in these papers. First, how many and what kind of spectral data are needed to 
identify the beam’s properties (cross-section area, A(x), and second moment of area, I(x))? 
In other words: What are the requirements of the spectral data in order to determine 
the properties uniquely? Three spectra corresponding to three different end conditions 
(clamped-free, clamped-pinned and clamped-sliding) were suggested by Barcilon [ 18, 191. 
These results were further confirmed by Gladwell et al. [28]. Secondly, what are necessary 
and sufficient conditions for the existence of the results from the inverse process? Barcilon 
[24] attacked this question by observing the response of a vibrating cantilevered beam, 
but it was not fully answered until Gladwell’s subsequent investigation [27]. Gladwell 
derived a set of inequalities which were used to find a limiting region for the spectral data. 
If the given spectral data are selected within in this region, a realizable beam can be 
constructed. Thirdly, what procedure properly reconstructs the beam? This question was 
initiated by Barcilon [20], and a standard procedure for reconstructing a Bernoulli-Euler 
beam was completed by McLaughlin a few years later [22]. The basic concept of this 
procedure was an extension of the ideas of his previous work (McLaughlin [30]) for 
determining the coefficient of a second order system. This procedure has been applied 
successfully to many inverse problems associated with the Bernoulli-Euler beam model 
(Gladwell [27] and Gladwell eb al. [28]). 
To summarize, each of the continuous systems discussed in the studies mentioned above 
can be formulated as a fourth order linear eigenvalue problem with separable boundary 
conditions. The inverse problem to be considered is to recover the coefficients in the 
differential equation and boundary conditions from knowledge of the eigenvalues or 
related spectral data. 
The free flexural vibrations of slender beams with one pair of symmetric cracks may be 
modelled via equation (7), (EZQw”)” + pAti = 0, as described in Shen and Pierre [lo]. Here 
the modified second moment of area, ZQ, is dependent on not only the beam’s longitudinal 
co-ordinate, x, but also on the crack position, xc, and crack ratio (crack length), cr. The 
inverse problem for these equations, i.e., the reconstruction of Z(x)Q(x, xc, cr) from spec- 
tral (i.e., natural frequencies and mode shapes changes) data, will be the main subject of 
this paper. Specifically, the problem of how to obtain a best approximation of the structural 
properties of cracked (damaged) beams is treated in what follows. 
The aforementioned conventional techniques are not applicable in their given form to 
identify the cracked beam’s properties, crack position xc and crack ratio cr, from its 
natural frequencies. First, most of these techniques deal with the simple Bernoulli-Euler 
beam model in a way that requires that A(x) and I(x) are twice continuously differentiable. 
Hence, it is impossible to apply these techniques directly to the present cracked beam 
model since IQ has only first order continuity (see Shen and Pierre [lo]). Also, for the 
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previous techniques it is assumed that complete spectral data are known exactly and are 
collected on the basis of at least three different structural or support configurations. Thus, 
for practical reasons the detection of cracks based on data for a given, unique vibrating 
structure cannot be accomplished using such methods. 
The methods described in this paper are suitable for use as on-line non-intrusive damage 
detection techniques of a vibrating beam. For the purpose of this study, the beam’s damage 
is characterized in the mathematical model by the parameters cr and XC, defined as (d-h),/ 
d and x,/I, respectively (see Figure 1). The idea of this procedure is related to methods of 
~- -~- 
Centroldal axis 
Figure 1. Geometry of a simply supported beam containing a pair of symmetric edge cracks at mid-span, 
s(‘= l/2. 
structural optimization. Specifically, the structural damage is identified in a way to mini- 
mize one or another measure of the difference between a set of data (measurements) T,, 
and the corresponding values for dynamic response Md obtained by analysis of a model 
for the damaged beam. This may be expressed symbolically as the following optimization 
problem : 
min norm( Td - Md). 
.Y(‘.U 
Naturally, the minimization represented here is constrained by the equations which model 
the physical system. Moreover, as indicated in the discussion by Shen and Pierre [ 10, 111, 
one can note that the more model information used for crack detection, the more accurate 
and reliable the result that can be achieved. For our purposes, the objective of equation 
(1) is formulated based on a certain set of specific modes; specifically the first M modes 
are considered in the inverse procedure. Accordingly, it should be understood that the 
norm of equation (1) reflects all modal data in the set. Some questions related to the 
selection of proper modes to be used in the optimization process are discussed in 
section 2. 
Among possible explicit forms for the problem of equation (1) the two corresponding 
to the mean-square measure and the “max” measure of the norm are to be examined in 
detail. The problem statements corresponding to each of these two versions of the norm 
are expressed in variational form in section 2. The development is expressed for the 
vibrating simply supported beam with a pair of cracks. This formulation is interpreted to 
obtain a set of necessary conditions. Methods for the computational treatment to these 
problems are presented in section 3. 
These inverse vibrating beam problems are investigated numerically in section 4. The 
effectiveness and limitations of the computational methods are discussed there. 
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2. PROBLEM FORMULATION FOR THE IDENTIFICATION OF A CRACKED BEAM 
In this section, variational formulations for the identification of a cracked beam with 
one pair of symmetric cracks are presented. The mean square differences between measured 
and modelled values of frequency and mode shape are employed as the objective function 
in one of the formulations. In other words, the inverse process seeks to determine the 
crack parameters, xc and CT, in the mathematical model to minimize the mean square 
difference between the test data and analytical predictions. As noted above, the identifica- 
tion problem can be treated as well in the form of a min-max problem; this formulation 
is presented in section 2.2. Both problem formulations are presented in forms consistent 
with having the beam deflection data stated either in discrete or continuous form. 
2.1. MEAN SQUARE ERROR FORM OF PROBLEM STATEMENT 
2.1.1. Discrete dejlection data 
In the first treatment of this problem, it is assumed that the testing information (data) 
is provided from certain test points distributed over the structure. This data is comprised 
of frequency and mode shape information associated with the lower several response 
modes. 
For a simply supported uniform beam containing one pair of symmetric cracks (see 
Figure l), the problem of optimization in crack detection can be expressed, in terms of 
comparisons between modelled response and test data, as 
min [norm(o~, - c02, wta(xrm) - w,(.x,,,))], (2) 
subject to constraints that define the beam response W, (i.e., the equations for free vibra- 
tion), and which prescribe appropriate normalization of W, and test data w,~. 
Here CY= (d- h)/d represents crack ratio (a measure of crack depth), and XC identifies 
crack position (see Figure 1). Also, the objective function measure of differences between 
measured and modelled values of deflection and frequency in equation (2) is stated for 
present purposes in the form: 
where w, and w, represent the natural frequency and mode shape of the ath bending free 
vibration mode, M is the number of modes for which test information is available, and, 
once again, the corresponding test data are symbolized by wt, and wI, Here x,“, (m= 
1,2, . . . , 2”) locates the mth out of T measurement stations, respectively. The measures 
wI, and w, that appear in the norm must be normalized on a common basis in order to 
facilitate comparison between the data and model values. Since w,, is known only at points 
along the beam, the model deflection is normalized as follows. 
Suppose that qua is defined as 
XI * 
T-l 
~lza=--rlz I I + 1 da tm dx +!-XT.-l 2 2 0 n,=2 ___ w/a .~,??I 2 I 




Xf”, 2 a,* 
where Ax,, = 4 [x!(, + I, - x (cm- I,]. Note that in the case of a simply supported beam, where 
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the displacements w, vanish at the two end boundaries. equations (4) and (5) can be 
rewritten as 
(67) 
respectively. For equal measured span, Axt, = l/( T- 1 ), equation (7) is reformulated as 
77aa CT- I)_ T-’ 
1 = I w2, In =2 xm (8) 
In order to relate w, defined by equations (5-8) to the usual normalization, consider 




w’, dx = C:G;dx=C’,. (9) 
0 
The values nna and C, are related. For the case represented via equation (7) as an example, 
It is noted from equation (7) that nau is a function of the number T of measurements 
stations. Taking the normalization of 8, into account, equation (10) provides 
lim q,, = C”, . (11) 
T-r 
This property can be useful to verify the accuracy of computations. 
The symbol @ is introduced to represent the square of the norm given in equation ( 3 ). 
The identification problem now can be stated: 









C (w~(x~,)wB(x~,))~x~~~,- q,p=O, (14) 
t?l=2 
(cr + ax) - R d 0, cr<cr<cr, xc Q xc <xc. (15-17) _ - 
wherea,/3=1,..., M, 9 is a weighting factor on the cr and xc, R represents the upper 
bound on value cr+gxc, and xc, xc and G, cr represent the upper and lower bounds of 
the crack (damage) parameters xc and cr, respectively. (Note that both upper and lower 
bounds on the variables cr and xc are necessary in the present problem.) Since w, comprise 
an orthonormal set, 77,~ defined as in equation (7) satisfies: 
lim qols=O for a #/I. 
T-x 
The effect of cracks on the structural properties of the beam is reflected by the factor Q 
in equation ( 13), as described for symmetric surface cracks in Shen and Pierre [lo] and in 
Christides and Barr [9], and for the single surface crack problem in Shen and Pierre [ 111. 
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In other words, the optimization parameters xc and cr cited in equation (12) enter the 
problem via Q. 
According to K-K-T (Kurash-Kuhn-Tucker), necessary conditions for the optimiza- 
tion problem equations (12-17) there exist Lagrange multipliers il,, Aas and l-, which 
satisfy the following equations (the notation “ I*” refers to solution points) : 
&>O, &p > 0, r,[(cr+axc)-R](,=O, [T,(cr-cr)]I,=O, (18, 19) 
[T3(= - xc)1 I* = 0, [I-4( xc - xc)] / * = 0, [Ts(cr-G)J(,=O. (20.-22) 
The solution must satisfy the following three equations as well: 
[2(w& - a:, + n,pAc8] ( * = 0, (23) 
[(EZQw~(x))“-w~pAw,(x)] I*=O, xtm<x<x*(ln+I,~ (24) 
‘c’ {- 2(w,,(x) - W,(x)) 
??I=2 
a-l 
+2&W,(x) + 1 A&+?(x) + : &/?~&)I km 
p-1 p=a+1 
+2~,[(EZQw~(.~))“-~2,pAwa(x)] (.x=.xtmI x =O. (25) 
Note that the above equation of motion (24) is valid interval by interval over the span of 
the structure. 
Finally, the conditions for stationarity of 0 with respect to the optimization variables 
cr and xc (i.e.. the optimality conditions) are: 
(26) 
(27) 
2.1.2. Continuous testing deJection data 
The problem statement and associated necessary conditions are rewritten here for the 
situation in which the testing information is provided in continuous form, i.e., along the 
entire structure. Thus the above crack identification problem statement is modified by 
replacing each summation on m with integration over the span variable. The resulting 
problem statement is 
A4 s / min C (o&--w;)‘+ (w,,(x) - n~,(x))~ dx , (‘r,.YC a =, 0 I 
subject to 
s 




w,(x)wp(x) dx - C2,6,P = 0, 
0 
(cr+uxc)-R<O, cr,<cr,<cr, .~c~xc,<z, - - 





VIBRATING CRACKED BEAMS 463 
The necessary conditions for the optimal solution, comparable to equations (18-27) 
are 
a,>o, f&3 ’ 0, r,[(Cr+~xc)-R](*=0, [i-z(cT-cr)]j*=O, (34,35) 
- 
[I-j(XC - xc)] ) * = 0, [r‘l(xc - xc)1 I * = 0, [r5( CT - cr>l I * = 0, (36-38) - 
r2c&cZ - w’a) + n,pAcSl I * = 0, (39) 
[ 
2d,(EZQwXx))“- 2(wab) - w,(x)) 
a-l 
+ 2AuawcA-Y) + 1 &pw&) + : &pw&) 11 =o, 0 < I < I, (40) 
(41) 
(42) 
The system of equations for this latter version can be reduced as follows. In order to 
determine the Lagrangian multipliers A,, , first multiply equation (40) by w,, integrate by 
parts and apply the boundary conditions, and use equations (29) and (30). The result for 




wraw, dx - 1. (43) 
p 0 
To determine the remaining components of A,, (i.e., those associated with a # p), we 
first write equation (40) with index a replaced by y. Then, multiply this equation by ~~~ 
and equation (40) by wy, integrate both equations by parts using the boundary conditions, 








(a, - a,) EZQw:w; dx = 0, a# y. (45) 
0 
From equations (44) and (45) we can see that 
nay = 0, a # y, cr=l,. . .) M. (46) 
Here, for simplicity, we assume that all the design constraints are not critical, whereby 
all the corresponding Ti are zero. Then the necessary conditions of equations (34-42) can 
be reduced to 
2 cd2 -ad, s I pAC2 [WQwh(x)Y - w: PAW,(X)] +$ w,aw, dx- w,, =o. 0 < x < I, 0 II 0 * 
(47) 
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g C&-d) 
a=, pACf, s 'g(W!!)2dx) =o o dcr II 3 * (48) 
(49) 
2.2. MIN MAX PROBLEM STATEMENT 
The crack identification problem can be stated in min-max form which corresponds to 
the goal to minimize the largest value among the set of measures of the difference between 
test data and corresponding values predicted from the model (the set is indicated by curly 
brackets). This is expressed as 
min [max (w$ - ~2, wnhJ - w&,,)} I, 
(‘)I.X<’ a 
(50) 
subject to the constraints listed as equations (13-17) of the prior formulation. As was 
indicated by Taylor and Bendsoe [31], this min-max problem can be interpreted as a 
simple scalar minimization problem, corresponding to minimization of a bound on all 
elements of the criterion set. 
Introducing the symbol Y for this bound, the min-max problem is restated in the form 




foralla=l,2 ,..., M, 
s 
I 
[HQ(w;(x)) - CD’, PAW;(X)] dx= 0, (53) 
0 
i (w,(x,>wp(x,,))A.x, - qap = 0, (54) 
??I=1 
for all a, p=l,2,. . . ,M, and 
(cr+axc) - R,<O, cr<cr<G, xc6xcdxc. (55-57) _ - 
Here again the analysis associated with this optimization problem is to be considered. 
According to the necessary K-K-T conditions, there exist Lagrange multipliers &, ,u,, 
A,, and I% which satisfy the following equations: 
&>O. A,, > 0, : ,&=l, (58) 
a=l 
I’,[(cr+gxc)-R]I,=O, [r2(g - cr)l I * = 0, (59960) 
[G(xc-xc)]I*=O, [r‘%@ - xc)1 I * = 0, [rdcr- )lI,=O, G (61-63) 
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Additional conditions for stationarity are : 
[(EZQw~(x))“-wZ,pAw,(x)] I*=O, 
T-l [ r a--l 
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.~I,, < x < Xl(rn + I ) * (66) 
M 1 
.E, I- 2pa( w,,(x) -~a) + 1 2&a~~,(4 + C &p&> + C &pw&) Ax,,, p=i O=u+l 1 
-‘-2d,[(EZQw~(x))“-o%pAw,(x)] (67) 
as well as the optimality conditions: 
(68) 
(69) 
Assume that M Lagrangian multipliers 1, are greater than zero, which is the same as 
assuming that all M modes are “active” in the solution. For simplicity, let us assume also 
that all the design constraints of equations (59-63) are inactive; then all the corresponding 
l-k are zero. In this case the necessary conditions become: 
(70) 
u=l 
p&&-Oy+ t (w,,(x,,)-u.,(.~,,))21- Yl*=O* (71) 
?,, = I 
ra.ada - of) + a.,pAC:] I* = 0, (72) 
[(EzQw~(x))“-02,pAw,(x)]]*=0. &,,<x<&(m+l), (73) 
Ti’ {- a-l &dwa(-~) - wa(x)> + 2&w,(x) + C A,p&> + ; Aa,w,d-Y) 
I 
A.L 
m = 2 p=l P=a+l 
+ 2il,[(EzQw;(x))” - w”, pAw,(x)] 
iI I 
=o. (74) 
,- 7. Xm, * 
The optimality conditions are simplified as a result, from equations (68) and (69) to: 
(75) 
(76) 
2.2.1. Continuous testing dejection data 
As was done above for the mean square criterion version, here too the min-max form 
of problem statement is expressed again, this time as it would be written to accommodate 
the test data appearing in continuous form. This problem statement can be written as 
follows : 
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(da - w;)2+ s ’ (w,,(x) - w,(x))2 - Y 60, (78) 0 I 
s 
I 




w,(x)w~(x) dx- C;&,=O, (80) 
0 
[cr+xca-R]dO, cr<cr<cr, xcdxc6xc. (81-83) - - 
Again, according to the necessary K--K-T conditions we obtain 
&>O, A,, > 0, .&=I1 ’ (84) 
I-,[( cr+gxc)-RR] 1 *=O, [G(cr--cr)] 1 *=O, (8586) 
[T3(=-- )I(*=O, xr [T&-xc)] I*=& [Tdcr-cr)] (*=O, (87-89) 
along with 
LMdz - co;,‘- Y)] I* =o, 
[2~.(0;?,-w~)+~,pActl(*=o. 
[ 
2A,[(ElQw:(x))” - w;&4w,(x)l-2(~~,,(x) - w,(x)) 
u-l 
f2L&wa(x) + 1 &pwp(x)+ ; &gwp(x) =o, O<x<I, 
p=l fl=a+l II * 






Here again, for simplicity, it is assumed that all the design constraints are not critical; 
then all the corresponding Ti have the value zero. Therefore, the necessary conditions 
become : 





[(EZQw:(x))“- w&tw,(x)] +s s M‘,,\v, dx - IV,, = 0, 0 < x < I, a 0 * 
(96) 
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ill =O. * 
(97) 
(98) 
3. COMPUTATIONAL ASPECTS 
In order to identify the crack ratio cr and the crack position xc the necessary conditions 
obtained in the previous section may be solved. It is recalled that certain of these necessary 
conditions must to be solved for each test span, the “span” being the distance between 
the test points. It is imperative that the crack identification process be achieved in an 
efficient manner, to ensure that the method is feasible with respect to the computing time 
required. Fortunately, there are several well established numerical methods that can be 
applied directly to the crack identification problems. Therefore, in the present study, these 
numerical algorithms of optimization are used to achieve the identification; i.e., to obtain 
solutions for identification problems. Nevertheless, prior to performing the minimization 
process, it is necessary to reformulate the problem statements presented in the previous 
sections into a form suitable for the computational treatment. 
3.1. THE PROBLEM FORMULATION FOR THE NUMERICAL METHOD: MEAN SQUARE 
CRITERION 
The purpose in this subsection is to re-state the inverse cracked beam problem with 
mean square criterion, equations (12-17), in the following form that is more convenient 
for computational purposes. With the introduction of symbols < and Y for convenience, 
the statement becomes : 
subject to 
Odcr<l, O<xcd 1. 








The possibility that the testing mode shapes IV, are provided in the form of continuous 
functions is also considered. It has been shown in reference [lo] that of the deflection 
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shape W, of a cracked beam was approximated successfully through the use of the Fourier 
series. Hence, in a similar manner, it is supposed here that both model and testing mode 
shapes in the formulation of crack identification can be expressed as 
w,(x) = i aai sin (izx/f), w,,(x) = f atai sin (hx/I). (106, 107) 
,=I i= I 
The means to determine values for coefficients a,i and arGlr are not considered here. 
Substituting equations (106) and (107) into the second term of equation (28), the 
equation representing the criterion in which testing information is presented in continuous 
form yields 
ii, (a,,, - a,$ s’ sin* (izx/l) dx 
0 
+ 5 ; (4m - ~ai)(Gq - aa;> 
1 
I 
sin (inx/l) sin (j~x/l) dx, i#j. (108) 
;=I j=] 0 
Performing the integration as indicated in equation (108) and realizing that 
1: sin* (&x/I) dx= l/2 and l’, sin (inx/l) sin (jnx/I) dx = 0, i#j, one obtains 
f .g [(Gn - 421* (109) 
I I 
Thus the criterion of equation (28) can be written in terms of the eigenfrequencies j,, and 
the coefficients uar and alai of the Fourier expansions: 
where the variable vector x2= (cr, xc, c,, Q). 
Now, substituting equations (106) and (107) into the constraints, equations (29) and 
(30), and then integrating with respect to x, the latter equations can be written in matrix 
form as 
d ,T[K,]& - C&G ;C& = 0, L?&/-&p=o, Odcrbl, O<xcG 1, (111-114) 
where matrix [Ko] is defined as 
/ 
[Ko] = ifj’ 
s 
Q(x) sin (inxil) sin (jrcx/l) dx, i,.j= 1 3 . , N. (115) 
0 
and where a"=(al,uz, ,u~)~. 
3.2. FORMULATION OF THE MIN MAX PROBLEM FOR THE NUMERtCAL METHOD 
By following an approach similar to that of the previous subsection, the min-max 
problem formulation for the numerical method also can be stated easily in a form that is 
appropriate for computational implementation. The results for the two cases of discrete 
and continuous expression for the test data are as follows. 
3.2.1. Discrete testing d@ection dutu 
min (Y ), (116) 
XI 
VIBRATING CRACKED BEAMS 
subject to 
[ 
it [( 5ta - 5,1*+ i (wt,(.xm) - M’,(X,,,))* - Y GO, 
a=1 i= I I 




n,T[K&z, - C&a”& = 0, ri,Tci,-&~=o. Odcr6 1, Od.ucd 1, 









4. NUMERICAL EXAMPLES 
The numerical optimization technique set forth in this study for vibrating cracked beam 
identification problems is accomplished using the VMCON optimization package program 
(this implements a sequential quadratic programming method). The VMCON program 
uses Powell’s algorithm, which is an iterative scheme designed to converge to a point that 
satisfies the necessary conditions. Additional information regarding to VMCON is 
available in reference [ 321. 
Unless otherwise stated, the damage properties (CY and xc) of the simply supported 
cracked beams are identified by direct solution of the optimalization problems described 
in the previous section. The sensitivity to chosen values for the initial crack position SC 
are discussed later in this section. 
The cracked beam model to which the identification procedure is applied is shown in 
Figure 1. It is a simply supported beam of length 1 equal to 18.11 of its thickness 2d, with 
uniform rectangular cross-section area A. and a pair of symmetric cracks of cr = 0.5 located 
at mid-span (xc = 0.5). 
4.1. EXAMPLES WITH POSITION OF THE CRACK (DAMAGE) SPECIFIED 
Consider the first example for crack identification, the simply supported cracked beam, 
for which the crack position xc is known. In other words, only the crack ratio cr is to be 
identified; therefore, the variables in this problem are cr, the ts, and mode shapes w,(.Y) 
(xi = {cr, &, w,(x,,,)>, x2= (cr, &, aa,} 1. This simplified example problem with the 
crack position specified (xc = 0.5) is presented to demonstrate the concept of the crack 
identification procedure described in section 2. 
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TABLE 1 
Numerical results based on the mean square problem statement of equations 
(99-103) with the crack (damage) specijied (x=0.5) 
Test data: Ljt =0.84703, 5; = 70.1348, cr* = 0.5 













0.98841 80.0769 0.1 0.84697 70.1346 0.50019 
0.97217 78.8135 0.2 0.84704 70.1347 0.49998 
0.94815 77.0062 0.3 0.8470 1 70.1348 0.50007 
0.91032 74.3024 0.4 0.84694 70.1347 0.50024 
0.73638 63.7848 0.6 0.84705 70.1348 0.49962 
0.54574 55.0511 0.1 0.84703 70.1348 0.50034 
0.27233 45.9316 0.8 0.84700 70.1347 0.50009 
4.1.1. Discrete testing deflection data 
In this example, it is assumed that the dynamic measurements are collected at nine test 
positions (T=9) equally spaced over the span. The first and last test stations are located 
at the left and right supported end, respectively. Hence, the length of each test span 
Axrm, m = 1, , T- 1, is determined to be 36.22d/( T- 1). In structural dynamic testing, 
ordinarily only a relatively small subset of the theoretically available eigenvalues and 
eigenvectors can be measured accurately; i.e., realistic information on higher modes is 





Figure 2. Comparison between the initial, final and test mode shapes in (a) the first mode and (b) the third 
mode. The crack identification process is based on the mean square formulation with a specified crack position 
xc and nine test stations. The beam is simply supported with symmetric cracks at mid-span, for cr= l/2. The 
initial data is selected at cr = 0.0. Mode shapes: +. test; - - -, mitial; -, final. 
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from the first three modes is to be used as test data in the present identification process. 
Furthermore, according to the observations in Shen and Pierre [lo], the even modes of a 
simply supported beam are not sensitive to a mid-span crack; therefore, in effect only first 
and third mode (a = 1, 3) information is used to represent crack damage. 
TABLE 2 
Numerical results based on the.min-max problem statement of equations 
(116-121) with the crack (damage) speczjied (xc=O.5) 
E, 
Test data : <f = O-84703, 5; = 70.1348, cr* = 0.5 
Initial data Final data 
5s cr 51 
1.0 81.0 0.0 0.84823 
0.98841 80.0769 0.1 0.84905 
0.97217 78.8135 0.2 0.84821 
0.94815 77.0062 0.3 0.84714 
0.91032 74.3024 0.4 0.84865 
0.73638 63.7848 0.6 0.84715 
0.54574 55.05 11 0.7 0.84637 






















Figure 3. Comparison between the initial, final and test mode shapes (a) in the first mode and (b) the third 
mode. The crack identification process is based on the min-max formulation with a specified crack position I( 
and nine test stations. The beam is simply supported with symmetric cracks at mid-span, for CI= l/2. The initial 
data is selected at cr=O.O. Mode shapes: f. test; . initial; Pm, final. 
Mean square criterion. Once again, the crack identification problem of equations (99~- 
103) presented in section 3.1 is solved here with a specified value xc=O.5. For given initial 
values of x. this optimization problem is solved to minimize the criterion F. The results of 
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the cases with various initial conditions are shown in Table 1. In order to clearly compare 
the results, only the first three variables, tl, <3 and CT, of variable vector xl are listed in 
Table 1. However, a more detailed listing of the corresponding initial, final and testing 
variable vectors x, is provided in Appendix A. The values of criterion and constraint are 
also shown in Appendix A. 
In Table 1, the top row denotes the assumed crack ratio and corresponding first and 
third eigenfrequencies. The symbol * denotes the expected optimal solution through the 
identification process. The first two column entries, tl, and t3, indicate the fundamental 
and the third frequencies corresponding to the initial crack ratio cr which is given in the 
next column. The last three columns give the final values corresponding to previous entry 
values. These final values are obtained at the stage at which computation is terminated 
when the further optimal search obtains improvements for criterion F less than the specified 
tolerance (10E - 5 was adopted in the present study). Recall that for an untracked beam 
cr is identically zero. Therefore, in this example, it is decided to start with the case of the 
initial value cr = 0.0 and for each case thereafter the cr value is increased by 0.1. 
TABLE 3 
Numerical results based on the mean square problem statement of equations 
(11 l-l 14) with the crack (damage) specified (xc = 0.5) 
Test data: 4; =0.88884, 5; = 72.8794, cr* = 0.5 
Initial data Final data 
I.0 81.0 0.0 0.88883 72.8791 0~50001 
0.98907 80.1290 0. I 0.88877 72.8755 0.50012 
0.97527 79.0542 0.2 0.88887 72.8736 0.50017 
0.95671 71.6491 0.3 0.88878 12.8756 0.50011 
0.93001 15.7007 0.4 0.88880 72.8713 0.50006 
0.82063 68.6035 0.6 0.88889 72.8835 0.49988 
0.69955 62.0801 0.7 0.88875 72.8740 0.50016 
0.48039 52.9197 0.8 0.88874 72.8730 0.50019 
TABLE 4 
Numerical results based on the min-max problem statement of equations 
( 122-127) with the crack (damage) specified (xc = 0.5) 
Test data: 4; = 0.88884, 5-T = 72.8794, cr* = 0.5 
Initial data Final data 
51 53 cr $1 53 cr 
1.0 81.0 0.0 0.88919 72.903 1 0.49930 
0.98907 80.1290 0.1 0.88873 12.8726 0.50020 
0.97526 79.0542 0.2 0.88888 72.8779 0.50004 
0.95671 17.6497 0.3 0.88881 72.8778 0~50005 
0.9300 I 75.7067 0.4 0.88881 72.8719 0.50004 
0.82063 68.6034 0.6 0.88882 72.8783 0~50003 
0.69955 62.0801 0.7 0.88881 72.8775 0.50005 
0.48039 52.9197 0.8 0.88897 72.8882 0.49974 
From the results presented in the first case of Table 1 and the Appendix, one sees that 
the parameters cl, e3 and cr were i< dntified to be 0.84684, 70.1348 and 0.50033 from 1.0, 
81.0 and 0.0, respectively. The mr‘an square criteria F was cut down from 118.13502 to 
0~42440E - 5. The maximum error is less tF-in 0.5% of the test data for these parameters. 
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The results are also quite impressive, as noted in Appendix A, which contains initial, final 
and testing mode shapes. In order to observe the global variance clearly, these modes are 
plotted in Figure 2. Three curves appear on each plot: the initial mode shape, the final 
mode shape, and the mode shape from the test response. The final mode shape on these 
plots agrees well with the test mode shape. This is expected and verifies the accuracy 
observed from the results in Table 1. It can be clearly seen that accuracy of the mode 
shapes will worsen if higher mode results are to be predicted. Improvement can be obtained 
by an appropriate adjustment of the location of these test stations. However, a sensitivity 
analysis of the test stations with respect to the accuracy of the dynamic measurements is 
required. This is not considered further in the present study. 
TABLE 5 
Numerical results based on the mean square problem statement of equations (99.-103) ; 
the position of the damage xc is a variable 
Test data: 4: = 0.84703, 5; = 70.1348, cr* = 0.5, xc* = 0.5 
Initial data Final data 
T 51 53 cr XC 51 53 cr .‘i‘ 
9 0.9: 806 78.5161 0.4 0.4 0.69639 70.1359 0.99789 0.36289 
9 0.91371 76.6365 0.4 0.43 0.70007 IO. 1362 0.99440 0.39620 
9 0.91158 75.1335 0.4 0.46 0.84610 70.1347 0.91029 0.53775 
9 0.91056 74.7464 0.4 0.47 0.8471 I 70.1347 0.67125 0.49033 
9 0.91063 74.5157 o-4 0.48 0.84704 70.1348 0.50554 0.49972 
9 0.73472 63.8062 0.6 0.51 0.84704 70.1348 0.60027 0.50526 
9 0.73711 64.2643 0.6 0.52 0.84704 70.1348 0.60083 0.50531 
9 0.73617 64.7619 0.6 0.53 0.84704 70.1348 0.60141 0.50534 
9 0.73929 65.6727 0.6 0.54 0.84705 70.1348 0.60255 0.49459 
9 0.73909 66.6112 0.6 0.55 0.84702 70.1348 0.99721 0.24709 
9 0.75452 74.0109 0.6 0.6 0.70040 70.1363 0.99079 0.59307 
45 0.97475 80.2193 0.2 0.4 0.90130 70.1347 0.94855 O-94404 
45 0.91806 78.5161 0.4 0.4 0.84420 70.1345 0.53053 0.51586 
45 0.91531 77.2676 0.4 0.42 0.84686 70.1347 0.50838 0.50198 
45 0.96219 78.5819 0.25 0.45 0.84643 70.1348 0.51729 0.49389 
45 0.75452 74.0109 0.6 0.6 0.84645 70.1348 0.51723 0.50609 
4s 0.64083 77.7173 0.7 0.7 0.89079 70.1347 0.58895 0.81817 
In Table 1, rows 5-11 present the results for cases with initial cv=O. 1 to 0.8. The 
corresponding final point values listed in columns 4-6 show that these cases exhibit, as 
expected, similar solution characteristics and accuracy. This provides a physical under- 
standing of the geometry of the solution set: for the inverse cracked beam problem with 
specified crack position, the mean square criterion of equation (99) is a convex function 
and it is bounded by the constraints of equations (100-103). Hence, one may conclude 
that the convergence of the present optimization problem is obtained independent of the 
initial data chosen. In other words, as long as the initial data is selected within the prob- 
lem’s feasible domain, an accurate and unique solution through the identification process 
is expected. 
Clearly the prediction of the mode 3 shape shown in Figure 2 fails to reproduce the 
expected sine curve. This is because the third mode shape was plotted based on the 
deflections of the mode shape measured at only nine test stations. While this reflects a 
limitation on how well mode shapes are portrayed, the quality of the final result for the 
identification problem is unaffected. 
Min-max problem. The present example identification problem was also demonstrated 
using the min-max formulation. To validate the observations from the previous results, 
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the same cases treated above were solved based on the min-max formulation, and the first 
free variables, (i, (3 and CT of vector x1 are listed in Table 2. As shown in Table 2, the 
agreement of the final data and the test data is similar to those in Table 1. The maximum 
error observed at the final iteration of vector xl is approximately 0.7% of the test data. 
Figure 3 shown the initial, final, and test mode shapes of the first case in Table 2. Notice 
that the excellent agreement between the final and test mode shapes shows a similar 
solution convergence as was seen in Figure 2. Thus, one can conclude that in the present 
cracked beam problem with a specified crack position, the min-max formulation provides 
an accurate and unique solution of equal quality to that of the mean square error criteria 
problem illustrated via previous example. 
4.1.2. Continuous testing deflection data 
In this example, it is assumed that the dynamic measurements information is available 
in the form of continuous function expressions for mode shapes. The identification proce- 
dure uses first and third mode information which are approximated using a 25term Fourier 
series. 
(a) 
Figure 4. Comparison between the initial, final and test mode shapes in (a) the first mode and (b) the third 
mode. The crack identification process is based on the mean square formulation. in which both crack position 
xc and crack ratio cr are unknown, and nine test stations. The beam is simply supported with symmetric cracks 
at mid-span, for cr= l/2. The initial data is selected at cr=0.4, xc = 0.4. Mode shapes: +, test; . initial; 
-, final. 
The identification procedure uses first and third mode information which should be 
approximated, as it was suggested in reference [lo], using an at least 150-term Fourier 
series. However, in the present case, in order to avoid huge computational efforts, only 25 
terms are used. As a result, the test data {? and 4: provided in Tables 3 and 4 have higher 
values than those shown in Tables 1 and 2. 
Mean square criterion. The crack identification problem of equations ( 110-l 141, presented 
in section 3.1, is solved with the value of the variable XC specified. For a given initial value 
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of x2, this optimization problem is solved to minimize the criterion F. The results of the 
cases with various starting point values are shown in Table 1. In order to provide a clear 
comparison of the results, only the partial listing comprised of the first three variables, <,, 
t3 and cr, of variable vector x2 are listed in Table 3. 
As shown in Table 3, good agreement between the final modelled values and the given 
test data is obtained, similar in quality to the earlier results given in Tables 1 and 2. 
However, since the identification process is required to generate the 25 x 25 stiffness matrix 
at each search step, the computational effort for the present example is much greater than 
that for the discrete deflection data. In any case, the effectiveness (robustness) of the model 
for this identification problem is substantiated, based on its successful performance over 
such a broad range of starting values. 
Min-max problem. The present example identification problem was also treated according 
to the minmax formulation. To validate the observations from the previous results, the 
same initial positions as those represented in Table 3 were tested using the minmax 
formulation. As shown in Table 4, the agreement between the final identification results 
and the given test data is similar in quality to what was obtained in the earlier example. 
In summary, for the present cracked beam problem with crack positions specified, the 
min-max formulation provided the basis for an identification solution as accurate as the 
mean square criterion form of the problem. 
4.2. SIMULTANEOUS IDENTIFICATION OF CRACK POSITION AND DEPTH 
The second numerical example deals with the crack identification of a simply supported 
cracked beam with unknown crack ratio and with crack position unknown. In this treat- 




Figure 5. Comparison between the initial, final and test mode shapes in (a) the first mode and (b) the third 
mode. The crack identification process is based on the mean square formulation, in which both crack position 
xc and crack ratio cr are unknown, and 45 test stations. The beam is simply supported with symmetric cracks 
at mid-span, for cr = l/2. The initial data is selected at cr =0.4. .uc=O,4. Mode shapes: +. test; ~3 initial; 
---. final. 
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(b) 1 
Figure 6. Comparison between the initial, final and test mode shapes in (a) the first mode and (b) the third 
mode. The crack identification process is based on the mean square formulation, in which both crack position 
xc and crack ratio cr are unknown. and 45 test stations, The beam is simply supported with symmetric cracks 
at mid-span, for CT= l/2. The initial data is selected at CT = 0.6, x=0.6. Mode shapes: +. test; . initial; 
-, final. 
(xi = {cr, xc, &, w,(x&} ). Due to the limitations of the VMCON program, examples 
concerning the testing mode shapes W, provided in the form of continuous functions are 
not shown in this subsection. 
4.2.1. Discrete testing deflection data 
Mean square criterion. The formulation of the crack identification problem of equations 
(99-103) presented in section 3.1 is tested here. In the first few cases, the simulated dynamic 
test measurements are assumed to be collected at nine equally spaced test stations (T= 9). 
The first and last test positions are located at the left and right supported ends, respectively. 
This example will be solved for a second time using an increased number of test stations, 
to provide information on the sensitivity of the procedure to the amount of test data. 
In Table 5, the top row denotes the assumed crack ratio, the crack position and the 
corresponding first and third eigenfrequencies. The symbol * denotes the expected optimal 
solution through the identification process. The first column entry T denotes the number 
of test stations used to collect dynamic measurements. The second and third column 
entries, <i, t3, indicate the fundamental and the third frequencies corresponding to the 
initial crack ratio cr and crack position xc, which are given in the next two columns. The 
last four columns provide the final values corresponding to the previous entry values. 
These final values are obtained at the stage at which the computation is terminated when 
the optimal search obtains step-wise improvements of F less than a specified tolerance 
(10E - 5 in the present study). 
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TABLE 6 
Numerical results based on the min-max problem statement of equations (116-121); 
the position of the damage xc is a variable 
Test data: <T =0.84703, 4: = 70.1348, cr* =0.5, xc* =0+5 
Initial data Final data 
\ , 
T 51 43 cr XC 51 53 cr xc 
9 0.91806 78.5161 0.4 0.4 0.84702 70.1348 0.99721 0.24709 
9 0.91371 76.6365 0.4 0.43 0.84697 70.1348 0.86044 0.47182 
9 0.91158 75.1335 0.4 0.46 1.03879 70.1365 0.75507 0.87498 
9 0.91032 74.3024 o-4 0.47 0.84697 70.1348 0.85985 0.52812 
9 0.91063 74.5157 0.4 0.48 0.84844 70.1328 0.49455 0.49998 
9 0.73412 63.8062 0.6 0.51 0.8466 1 70.1102 0.60027 0.50519 
9 0.73711 64.2643 0.6 0.52 0.84672 70.1119 0.60084 0.50523 
9 0.73617 64.7619 0.6 0.53 0.84664 70.1139 0.60247 0.4947 1 
9 0.73929 65.6727 0.6 0.54 0.90724 70.1524 0.83845 0.37496 
9 0.73909 66.6112 0.6 0.55 0.8462 1 70.1350 0.71880 0.48705 
9 0.75452 74.0109 0.6 0.6 0.73638 63.7848 0.99875 0.64976 
45 0.99017 79.0380 0.2 0.2 0.84693 70.1347 0.79372 0.24988 
45 0.91806 78.5161 0.4 0.4 0.84654 70.1346 0.51636 0.49454 
45 0.96219 78.5818 0.25 0.45 0.84723 70.1388 0.50602 0.50188 
45 0.75452 74.0109 0.6 0.6 0.84685 70.1348 0.51687 0.50588 
45 0.77533 80.2259 0.6 0.65 0.83005 70.1492 0.60871 0.54193 
45 0.64083 77.7173 0.7 0.7 0.84824 70.1366 0.78866 0.75124 
It is shown in Table 5 that cases with T=9 have the final values of 4 close to <*, but 
almost all of these cases have unacceptable final estimates of XC and cr. For instance, if 
the initial position is selected as xc=O.4 and cr =0.4, the values of xc and cr at the final 
iteration are O-99789 and O-36289, which differ approximately 98% and 28% from the 
given test data. Evidently, the configuration with xc=O.99789 and cr=0*36289 is able to 
provide another minimum value of the criterion (besides the one associated with the 
expected result). This cracked beam configuration is shown in the solid curve of Figure 4. 
The mismatch between final and test mode shapes can be clearly seen. This observation 
confirmed the unacceptable error previously obtained in the comparison of xc and cr 
between the final and test data. Except for the case with initial cr = 0.4 and xc= 0.48, 
which provides less than 1% estimation error, the rest of the cases in Table 5 with nine 
test stations are also found to have similarly large estimation errors. Therefore a depend- 
able solution in crack identification is almost impossible to achieve on the basis of the nine 
test stations simulated measurement information using first and third mode response. This 
confirmed the observations by Shen and Pierre [ 10, 111, i.e., for a cracked beam with an 
unknown crack position, a unique solution is not to be expected. 
However, by comparing the third mode shape in Figures 2(b), 3(b) and 4(b) with the 
mode shape in Figure 1 l(c) of reference [lo], it can be seen that an accurate third mode 
shape cannot be approximated on the basis of the displacements collected from nine test 
stations only. This implies that the accuracy of the above computational identification 
might be improved if the third mode is approximated well. Therefore, cases with more test 
stations should be examined, since they would clearly allow better mode shape approxima- 
tions. The largest number of test stations which can be accommodated in the identification 
procedure is 45, due to the limitations of the optimization program package. Once again, 
the test measurement points are equally spaced, and the first and last stations are located 
at the left and right supported ends, respectively. The VMCON problem formulation 




Figure 7. Comparison between the initial, final and test mode shapes in (a) the first mode and (b) the third 
mode. The crack identification process is based on the minmax formulation, in which both crack position XC 
and crack ratio cr are unknown, and nine test stations. The beam is simply supported with symmetric cracks at 
mid-span, for CT= l/2. The initial data is selected at cr=0.4, sc=O.4. Mode shapes: +. test; , initial: 
-. final. 
is identical to the case of T=9; however, the variable vector x is expanded from 22 
components to 94. 
Rows 12-17 of Table 5 summarize the results through the minimization process. As in 
the previous cases, the final values of frequency 4 are observed to be close to test values 
{*. Acceptable final solution values for xc and CY are shown in the results of the cases in 
which initial xc and cr are selected within the range from xc= 0.4, cr= 0.4 to xc = 0.6, 
CT= 0.6. On the other hand, within this range, good agreement is also shown in mode 
shapes. In Figures 5 and 6 are displayed the initial, final and test mode shapes for cases 
with the initial xc = 0.4, cr = 0.4 and xc= 0.6, cr =0.6. Excellent agreement is observed 
between the final and test mode shapes. Moreover, by comparing the final data curve in 
Figures 5 and 6 with the mode shape in Figure 1 l(c) of reference [lo], a more accurate 
third mode is approximated. This indicates that more accurate information on mode 
shapes is required to obtain a satisfactory solution from the identification process in the 
case where both crack position and crack depth are unknown. 
Questions arise concerning the conditions under which the identification procedure can 
provide an unique solution. As discussed by Shen and Pierre [ 10, 1 l] and concluded in the 
studies of Gladwell er al. [28], if all the mode information is used in the identification 
procedure, then the system’s properties can be identified uniquely. However, for practical 
reasons, in structural dynamic testing only a small subset of the eigenvalues and eigenvec- 
tors can be represented in the measurement data. Furthermore, even if substantially more 
modal information would be available, the minimization search may be prohibitive for 
such the large-dimensional domain that would result. These comments are intended to 
point out certain limitations inherent in the identification procedures. These considerations 
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will be addressed again in the authors’ next study, which describes sufficient conditions 
for unique identification from the dynamic measurements of a multi-degree-of-freedom 




Figure 8. Comparison between the initial, final and test mode shapes in (a) the first mode and (b) the third 
mode. The crack identification process is based on the min-max formulation, in which both crack position SC 
and crack ratio cr are unknown, and 45 test stations. The beam is simply supported with symmetric cracks at 
mid-span, for CT= l/2. The initial data is selected at cr=0.4, xc=O,4. Mode shapes: +, test; . initial; 
---. final. 
Min-max treatment: both positions and crack depth unknown. To validate observations 
from the previous results, the case shown in Table 5 were solved again using the min-max 
formulation. The first four variables, 5,) &, cr and xc, of vector x1 are listed in Table 6 
and the initial, final and test mode shapes for the cases with initial XC = 0.4, cr = 0.4, with 
T= 9, and 45, and xc = 0.6, cr = 0.6, with T= 45, are displayed in Figures 7-9, respectively. 
This demonstrates the similarity of the solution characteristics between the present min- 
max formulation and the mean square criterion formulation, much the same as illustrated 
for the previous example. 
5. CONCLUSIONS 
A general method for crack identification of a simple beam with one pair of symmetric 
cracks is presented. The method may be useful as a component of an on-line non-intrusive 
damage detection technique for vibrating structures. A variational formulation is expressed 
as a direct minimization problem statement using the criteria of the mean square difference 
of natural frequencies and mode shapes between test measurements and corresponding 
model values. This problem is formulated a second time as a scalar form min-max problem 
with an additional inequality constraint. The necessary conditions are obtained for each 
of these formulations. The crack identification problem is reduced to finding the cracked 
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Figure 9. Comparison between the initial, final and test mode shapes in (a) the first mode and (b) the third 
mode. The crack identification process is based on the min-max formulation, in which both crack position XC 
and crack ratio cr are unknown, and 45 test stations. The beam is simply supported with symmetric cracks at 
mid-span, for cr= l/2. The initial data is selected at cr=O.6, xc=O.6. Mode shapes: t, test; - - -, initial; 
--. final. 
beam’s damage parameters that will satisfy appropriate constraints and minimize the 
means square difference, or the appropriate criterion in the min-max treatment. 
The uniqueness and reliability of the identification process is confirmed by solving 
several crack identification examples with specified crack positions. Without knowing the 
damaged location, a restricted region in initial data space has been found for which there 
will be a realistic and convergent solution from the identification process. This region is 
small, and can be expanded if modal variables are well approximated and initial data 
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APPENDIX: INITIAL, FINAL AND TESTING VARIABLE VECTORS FOR THE FIRST 
CASE OF TABLE 1 
Values of test data: 
Initial point: 
x( 1) = 0.84702583, 
x( 2) = 70.134849, 
x( 3) = 0~50000000, 
x(4) = 0~00000000, 
x(5) = 0.35942968, 
s(6) =0.67125385. 
x(7) =0.89494491, 
x(8) = 1~0000000. 
x( 9) = 0.8949449 1, 
x( 10) = 0.67125385, 
x( 11) = 0.35942968, 
x( 1) = 1~0000000, 
x(2)=81~000000. 
x( 3) = 0~00000000, 
x( 4) = 0~00000000, 
x(5) = 0.38268343, 
x( 6) = 0.70710678, 
x(7) = 0.92387953, 
x( 12) =0.29322134E- 12, 
x( 13) = 0~00000000, 
Value of objective function: 
x( 12) = 0.27460575E - 12, 
x( 13) = 0~00000000, 
x( 14) = 0.80020908, 
x( 15) = 0~66202768, 
x(16) =0.28236713, 
x( 17) = - 1~0000000, 
x(18)=-0.28236713, 
x( 19) = 0.66202768, 
x(20) = 0.80020908, 
s(21)=0.74909186E- 12. 
x( 14) = 0.92387953, 
x( 15) = 0.70710678, 
x(16) = - 0.38268343, 
x( 17) = - 1~0000000, 
x( 18) = - 0.38268343, 
x(19)=0~70710678, 
x(20) = 0.92387953, 
x(21) = 0,87966402E - 12. 
f= 118.13502. 
Values of equality constraints : 
g( 1) = 0.29960388, 
g(2) = 34.838632, 
g(3) = 0.23860437. 
Values of inequality constraints : 
g(4)=0.41391012E-01, 
g(5)=0.68330718. 
g( 6) = - 1 .OOOOOOO, 
g( 7) = 0~00000000. 
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Final point : 
.x(l) = 0.84684129, 
x( 2) = 70.134866, 




x( 7) = 0.89490786, 
x(8) = 1.0002503, 
x(9) = 0.89490786, 




x( 14) = 0.80004009, 
x(15)=0.66234831, 
x( 16) = - 0.28235784, 
x(17)=-0.99985175, 
x(18) = -0.28235784, 
x(19)=0.66234831, 
x( 20) = 0.80004009, 
x(21)=-0.50601377E-04. 
Values of objective function : 
f = 0.42440337E - 06. 
Values of equality constraints : 
g(l)=0.20934137E-05, g(4)=0.49168811E-07, 
g(2) = 0.41277232E - 03, g(5)=0.14585115E-05, 
g(3) = 0.67061939E - 06, 
Values of inequality constraints : 
g(6) = -0.49966128, 
g(7) = - 0.50033872. 
Comparison results : 
No. of objective function calls = 198. 
No. of constraints subroutine calls = 177. 
No. of objective function gradient calls = 8. 
No. of constraints gradient calls = 8. 
Sum of constraints violation = 0.41704403E - 03. 
Norm of K-K-T vector = 0.46118 173E - 02. 
Fortran STOP 











depth of crack 
weighting factor on the cr and xc 
ith generalized co-ordinate amplitude 
cross-sectional area 
half breadth of rectangular beam 
m-1 
crack ratio (=(d-h)/d=a/d) 
lower bound of the crack ratio 
upper bound of the crack ratio 
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half depth of rectangular beam 
Young’s modulus of elasticity 
crack function 
d-a 
second moment of area of beam section 
length of beam 
numbers of measure station 
integrated crack function 
stress magnification factor 
numbers of modes that test information that is available 
upper bound of value [crfgxc] 
ath bending natural mode 
test data corresponding crth bending mode 
clth bending normal mode 
normalized test data corresponding ath bending mode 
location of the crack 
=.x,./l, crack position 
lower bound of the crack position 
upper bound of the crack position 
mth out of T measure stations 
ath bending natural frequency 
test data corresponding crth bending mode 
the Kronecker delta 
objective function 
upper bound on the objective function 
density 
natural frequency parameter 
Lagrange multipliers 
